We obtain exact traveling-wave solutions of the coupled nonlinear partial differential equations that describe the dynamics of two classical scalar fields in 1+1 dimensions. The solutions are kinks interpolating between neighboring vacua. We compute the classical kink mass and show that it saturates a Bogomol'nyi-type bound. We also present exact traveling-wave solutions of a more general class of models. Examples include coupled φ 4 and sine-Gordon models.
In this paper, we present a new class of systems with exact kink solutions that do not belong to the class of models in Refs. [9] [10] [11] [12] . Our approach is a hybrid of Rajaraman's and Bogomol'nyi's methods. Namely, the constraint on the two fields is embedded in a potential term, which does not alter the Bogomol'nyi bound. The simplest example presented in the next section can be thought of as an effective field theory describing the coupling of magnetic and ferroelectric domain walls in multiferroic GdFeO 3 [13, 14] , where the composite of these domain walls has been observed in experiments [15] . We show that when the parameter of the model is fine-tuned to a particular value, the composite of kinks in the individual scalar field theories, which we call the composite kink, is an exact solution of the equations of motion. We then generalize the idea of Bazeia et al., and show that the mass of the composite kink saturates a Bogomol'nyitype bound. At the end of the paper, we provide a general recipe for constructing models in which the composite kinks are exact solutions of the equations of motion.
II. MODEL
Consider two real scalar fields φ = φ(x, t) and ψ = ψ(x, t). In the following, we use the standard notation x α = (t, x), x α = (t, −x) and natural units = c = 1. In our model, the Lagrangian density is given by
where λ > 0, µ, β, and U 0 are real numbers. Note that µ can be either positive or negative. However, the Lagrangian density with negative µ can be obtained from that with positive µ by changing φ → −φ. Thus, we may assume that µ > 0 without loss of generality. The constant U 0 is determined so that the classical vacuum energy is zero. The Lagrangian density L is invariant under the combination of reflection φ → −φ and translation ψ → ψ + πn/β (n = odd integers). One can simplify L by introducing scaled variables,
with A = λ −1/6 µ −1/3 and B = λ −1/3 µ 1/3 . In terms of these variables, the Lagrangian density is written as we drop the bars over the scaled variables and simply write
The potential term U (φ, ψ) has an infinite series of degenerate minima placed at (φ, ψ) = (+1, 2πn/β) and (φ, ψ) = (−1, 2π(n + 1/2)/β) (n ∈ Z), corresponding to the classical vacua of the field theory described by L (see Fig. 1 ). The requirement U (φ, ψ) = 0 at the vacuum configurations yields U 0 = 3/4.
III. EXACT SOLUTIONS
The equations of motion for (φ, ψ) can be derived from the Euler-Lagrange equations
with Eqs. (4, 5) . They read
It seems quite unlikely that the above coupled nonlinear equations allow us to find exact solutions. However, we will show that kinks that interpolate between neighboring vacua are exact traveling-wave solutions of Eqs. (7, 8) when the parameter is set to β = 1/ √ 2. Let us first find static solutions. Since the model is Lorentz invariant, if one finds static solutions, one can Lorentz boost them and get traveling-wave solutions. The equations to be solved are To find special solutions of the above equations, we use the following ansatz:
where C is a constant. With this ansatz the equations become
where φ and ψ are formally decoupled. Now recall that static kink (anti-kink) solutions of the φ 4 and the sineGordon models, respectively, satisfy Eqs. (12) and (13) . The solutions are given by
where X 1 and X 2 denote the positions of the kink centers, and n ∈ Z. Here the principal value of arccos is used. The parameters β, C, X 1 , and X 2 are determined so that φ ± (x) and ψ ± (x) satisfy the condition (11). Substituting Eqs. (14, 15) into Eq. (11), we find β = 1/ √ 2 and C = 1. X 1 , X 2 can be arbitrary as long as X 1 = X 2 . Examples of the solutions are shown in Fig. 2 . From the static solutions Eqs. (14, 15) , traveling-wave solutions can be constructed as φ
Thus we see that the composite of kinks in the φ 4 and sineGordon models, which we call composite kink, is an exact solution of the coupled model. The field configurations at |x| → ∞ are
with β = 1/ √ 2. It is thus clear that the composite kinks interpolate between neighboring vacua (see Fig. 2 ).
IV. KINK MASS
In this section, we focus on the exactly solvable case where the parameter is set equal to β = 1/ √ 2, and compute the total energy of the composite kink, i.e., the kink mass. The exact static solutions of Eqs. (7, 8) are
where n ∈ Z and we choose the center of the kinks at the origin (x = 0). We will show that these solutions saturate a Bogomol'nyi-type bound.
For a general solution of the system given by Eqs. (4) and (5), the total energy can be written as
from which it is clear that the total energy is bounded from below by those of static solutions. Thus we have
where φ and ψ denote static solutions. Then from Eq. (5), we notice that the potential at the solvable point (β = 1/ √ 2) can be written as
where
Substituting them into Eq. (23), we find
Now recall that
and the integrand in the second line of Eq. (27) is a sum of squares, we see that the total energy is bounded from below by
Here the energy bound is obtained solely from topological data (field configurations at |x| → ∞). Energy bounds of this type are called Bogomol'nyi bounds. The minimal energy configuration E = M is achieved when static solutions φ(x) and ψ(x) satisfy the following first-order equations and constraint:
One can verify that the solutions φ )) is the unique solution (up to translation) that minimizes the total energy with kink boundary conditions. Now the total energy is computed as
Note that the masses of the φ 4 and the sine-Gordon kinks are, respectively, M φ4 = 2 √ 2/3 and M SG = 2 √ 2, which add up to M .
V. GENERALIZED MODEL
The procedure presented in the previous section suggests that there is a large class of models in which the composite kinks are special solutions of the equations of motion. For example, one can consider the following oneparameter deformation of the potential:
where (25, 26) . The corresponding Lagrangian density reads
with β = 1/ √ 2. The model can be interpreted as coupled φ 4 and sine-Gordon models. The Lagrangian Eq. (4) with the potential Eq. (5) is the limiting case of L d (d = 1). A similar but not identical model was presented in Rajaraman's work [8] . However, we emphasize that our model is more realistic than that model, which is somewhat unphysical in the sense that the coupling of the quartic term is negative and hence unbounded from below. In addition, our model can be thought of as an effective field theory describing composite kinks in multiferroic GdFeO 3 [13, 15] .
The traveling-wave solutions obtained by Lorentz boosting φ 
solve the equations for static solutions
where we have used the fact that ∂ 2 W/∂φ∂ψ = 0. Repeating the argument in the previous section, one can show that the kink mass M does not depend on the deformation parameter d, i.e., M = 8 √ 2/3. Since the detailed profile of V (φ, ψ) is not essential in the proof, we come up with a more general model in which the potential has n real deformation parameters d 1 , ..., d n :
. (40) By construction, the potential is non-negative. Along the same line of reasoning, one can show that the travelingwave solutions obtained by Lorentz boosting φ ± 0 (x) and ψ ± 0 (x) in Eqs. (20, 21) are exact solutions of the equations of motion. The models with U (φ, ψ; d 1 , ..., d n ) can be thought of as coupled φ 2n and multi-frequency sineGordon models.
VI. CONCLUDING REMARKS
In this paper, we have investigated a class of coupled nonlinear partial differential equations that describe the dynamics of two real scalar fields in 1+1 dimensions. The simplest model presented in Sec. II contains only a single parameter β. We have shown that when this parameter is fine-tuned to β = 1/ √ 2, the composite kink (a bound state of kinks) is an exact solution of the equations of motion. We also found that a variant of the Bogomol'nyi method greatly simplifies the computation of the mass of the composite kinks. This hints at the existence of a large class of models in which the composite kinks are exact solutions. We showed, by example, how one can construct such models. Note that generalizations of the method to N coupled fields is quite straightforward. One can even consider a quasi-one-dimensional case, where the coupled one-dimensional systems form a lattice in the perpendicular plane.
It is natural to ask whether the composite-kink solutions we found are stable against perturbations. The standard approach is to study the linear stability of the solutions by solving one-dimensinal Schrödinger equations whose (matrix) potential is determined by the spatial profile of the composite kinks [16] . If the compositekink solutions are stable, it would be interesting to consider a quantization of them and compute the quantum corrections to the kink masses [5, 17, 18] . These issues will be discussed elsewhere [19] .
